The vibronic and spin-orbit-induced interactions among the 3 ⌺ − , 1 ⌬, and 1 ⌺ + electronic states arising from a half-filled orbital of a linear triatomic molecule are considered, employing the microscopic ͑Breit-Pauli͒ spin-orbit coupling operator. The 6 ϫ 6 Hamiltonian matrix is derived in a diabatic spin-orbital electronic basis set, including terms up to fourth order in the expansion of the molecular Hamiltonian in the bending normal coordinate about the linear geometry. The symmetry properties of the Hamiltonian are analyzed. Aside from the nonrelativistic fourth-order Renner-Teller vibronic coupling within the 1 ⌬ state and the second-order nonrelativistic vibronic coupling between the 1 ⌺ + and 1 ⌬ states, there exist zeroth-order, first-order, as well as third-order vibronic coupling terms of spin-orbit origin. The latter are absent when the phenomenological expression for the spin-orbit coupling operator is used instead of the microscopic form. The effects of the nonrelativistic and spin-orbit-induced vibronic coupling mechanisms on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + adiabatic potential energy surfaces as well as on the spin-vibronic energy levels are discussed for selected parameter values.
I. INTRODUCTION
It has previously been shown that the inclusion of the microscopic Breit-Pauli spin-orbit ͑SO͒ operator in the molecular Hamiltonian of linear triatomic molecules gives rise to novel vibronic coupling terms for 2 ⌸ degenerate electronic states. 1, 2 The vibronic coupling terms arising from the two-electron Breit-Pauli operator have also been discussed for 3 ⌸ electronic states of linear triatomic molecules. 3 It has been found that in addition to the nonrelativistic RennerTeller coupling term, which is of second order in the bending amplitude ͑in 2 ⌸ electronic states͒, there exist SO-induced vibronic coupling terms which are of first order in the bending amplitude. [1] [2] [3] In the present work, we proceed one step further and develop a model for the description of the combined effects of Renner-Teller and SO coupling of linear triatomic molecules with a half-filled shell. This approach employs the microscopic Breit-Pauli SO operator for two active electrons. It may be applied for a wide range of linear or quasilinear molecules ranging from simple carbenes to heavier molecular systems.
Carbenes play an important role in combustion, 4, 5 stratospheric 6 and interstellar chemistry, 7, 8 as well as in organic and organometallic reactions [9] [10] [11] [12] and processes that involve thermal degradation of small organic molecules. 13 The prototypical carbene methylene ͑CH 2 ͒ has been a favorite target of spectroscopists [14] [15] [16] and theoreticians [17] [18] [19] [20] for nearly half a century, due to its fundamental role as a radical intermediate species in gas-phase chemical reactions. 21 Moreover, it is sufficiently small to serve as a benchmark molecular system for the development of ab initio electronic-structure methods. From an electronic-structure point of view, CH 2 is a linear molecule with a half-filled shell, since two of its valence electrons occupy a degenerate orbital. This electronic configuration gives rise to the 3 ⌺ g − , 1 ⌬ g and 1 ⌺ g + electronic states, the first one being the electronic ground state of CH 2 at the linear configuration, as expected from Hund's rule. However, the lower-energy Renner-Teller-split component arising from the 1 ⌬ g electronic state of CH 2 lies only slightly above its ground electronic state at bent geometries, as a result of strong Renner-Teller and pseudo-Renner-Teller vibronic interactions.
The calculation of accurate rovibronic spectra of CH 2 poses a considerable theoretical challenge due to its largeamplitude bending motion and the strong nonadiabatic couplings involved. Extensive calculations of the CH 2 spectra have previously been performed, based on a systematic treatment of the Renner-Teller vibronic coupling. [22] [23] [24] While the analysis of this effect has reached a high level of sophistication for the low-lying electronic states, 25 the treatment of the SO coupling in CH 2 is still largely phenomenological, as it is based on an effective SO coupling parameter between the 1 A 1 and 3 B 1 electronic states at bent geometries. This parameter is taken either as an empirical constant or is considered to be a function of the bending normal coordinate.
actions. These species also serve as benchmarks for both theory and experiment. The ground electronic state of the dihalocarbenes, as well as of SiH 2 The goal of the present work is the theoretical study of the interplay of the Renner-Teller and SO interactions in linear triatomic molecular systems with a half-filled shell. While the combined effects of ⌺-⌸ and SO vibronic couplings on the electronic structure of linear molecules have previously been investigated employing the microscopic ͑Breit-Pauli͒ spin-orbit coupling operator, 26, 27 no corresponding information about the combined ⌺-⌬ and SO interactions has been elaborated thus far. We develop the theoretical formalism which is required for a systematic and comprehensive description of combined Renner-Teller and SO vibronic coupling effects in quasilinear molecules with a half-filled orbital. We illustrate the effects of particular coupling terms by variational energy-level calculations for selected models. The carbenes as well as heavier linear triatomic species will be the systems of choice for the application of these methods. The results of the present analysis will facilitate a better understanding of the complicated perturbation mechanisms involved in these species as well as an unambiguous interpretation of the experimentally observed irregular patterns of their spin-vibronic energy levels which still defy a comprehensive spectroscopic analysis.
The remainder of this paper is arranged as follows. The derivation of the Hamiltonian and the analysis of its symmetry properties are reviewed. The effect of the Renner-Teller and other electrostatic vibronic-coupling parameters on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + potential energy surfaces for a model molecular system is analyzed. The SO-induced vibronic coupling constants of the Hamiltonian are explicitly related to topographic features of these potential energy surfaces. Their impact on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + spin-vibronic energy levels is discussed.
II. THEORY

A. Spin-vibronic Hamiltonian in the diabatic representation
Consider the two electrons of a half-filled shell moving in the field of three linearly arranged nuclei along the z axis with effective nuclear charges Q 1 , Q 2 , and Q 3 . The electronic states that arise from this electronic configuration are 3 ⌺ − , 1 ⌬, and 1 ⌺ + . In this work, their mutual interaction and coupling due to the degenerate bending vibrational mode of symmetry are examined. To simplify things, the effect of the two stretching vibrational modes on the vibronic coupling problem is not considered here. Their effect is to "tune" the energy separations among the 3 ⌺ − , 1 ⌬, and 1 ⌺ + electronic states. The present formalism can be extended to include the effects of the totally symmetric stretching vibrational modes, see, e.g., Refs. 27-29.
The spin-vibronic molecular Hamiltonian Ĥ can be expressed as
where T N is the nuclear kinetic-energy operator and Ĥ el is the electronic Hamiltonian which includes the kinetic energy of the electrons, the electron-nuclear and electron-electron interaction terms ͑represented by Ĥ es ͒, as well as the SO interaction ͑given by Ĥ SO ͒. If we express the dimensionless bending normal mode in the polar-coordinate representation ͑, ͒ and use atomic units, the nuclear kinetic-energy operator is given by
͑2͒
The electrostatic part of the Hamiltonian is written as
and the Breit-Pauli SO operator for two electrons is
where
represents its one-electron part ͑m =1,2͒ and
is the corresponding two-electron contribution. 30 Here, g Ӎ 2.0023 refers to the g factor of the free electron and ␤ e =1/ 2c designates the Bohr magneton.
In Eq. ͑2͒, refers to the harmonic vibrational frequency of the bending vibrational mode. The normal coordinates of the bending vibrational mode Q Ϯ are given by the relationship
where ͑Q x , Q y ͒ are the dimensionless bending normal coordinates. In Eqs. ͑5͒ and ͑6͒, r 1 and r 2 refer to the radius vectors of electrons 1 and 2, respectively, R n ͑n =1,2,3͒ correspond to the nuclear radius vectors, r mn = r m − R n ͑r mn = ͉r mn ͉͒, r 12 = r 1 − r 2 =−r 21 ͑r 12 = ͉r 12 ͉͒, and
In Eq. ͑8͒, x ͑m͒ , y ͑m͒ , and z ͑m͒ denote the Pauli spin matrices and i, j, and k symbolize the unit vectors of the threedimensional space. The symmetry properties of the electronic Hamiltonian Ĥ el are represented by the commutators
and
is the z component of the electronic ͑orbital+ electron spin͒ angular momentum operator 31 and
stands for the time-reversal symmetry operator. 31, 32 Here, represents the electronic azimuthal angular coordinate, z ͑m͒ corresponds to the z projection of the spin angular momentum of the mth electron, and c.c. denotes the operation of complex conjugation. T is an antiunitary operator 31, 32 and obeys the relation T 2 = 1 for molecular systems with an even number of electrons ͑as is the case here͒.
The full molecular Hamiltonian defined in Eq. ͑1͒ also possesses time-reversal symmetry and satisfies the axial symmetry property, i.e., it commutes with the z component of the total ͑electronic+ nuclear͒ angular momentum operator, which is defined by
The eigenvalues of Ĵ z Ј are denoted by the spin-vibronic angular momentum quantum numbers and are integers ͑ =0, Ϯ 1, Ϯ 2, ...͒. In the absence of SO coupling interactions, the electronic orbital ͑⌳͒ and electron spin ͑⌺͒ projection quantum numbers are good quantum numbers. In the presence of SO coupling, ⍀ = ⌳ + ⌺ is a good quantum number in the fixed-nuclei approximation. When the nuclear motion is included, only remains a good quantum number. We introduce -type molecular orbitals P͑r , z͒e Ϯi which are solutions of the one-electron ͑Hartree-Fock͒ Schrödinger equation at the linear configuration, where r, z, and represent cylindrical electronic coordinates. We define a two-electron diabatic [33] [34] [35] spin-orbital electronic basis set ͑diabatic spin orbitals͒ for a linear triatomic molecular system. [1] [2] [3] The basis set consists of the two electronic components of the 1 ⌬ electronic state ͑with electronic orbital angular momentum quantum numbers ⌳ = Ϯ 2͒ and the electronic states corresponding to the 3 ⌺ − and 1 ⌺ + spatially nondegenerate electronic states ͑⌳ =0͒. Their spin angular momentum quantum numbers are ⌺ =0, Ϯ 1.
The two-electron diabatic electronic basis functions ⍀ ⌳ , which are orthonormal, antisymmetric with respect to electron exchange, and eigenfunctions of Ŝ 2 , Ŝ z , L z , and Ĵ z , are given by
where P͑m͒ = P͑r m , z m ͒, m denotes the label of the electron, and ͑␣ , ␤͒ correspond to the two possible electron spin eigenfunctions. The wave functions defined in Eqs. ͑15͒, ͑16͒, and ͑18͒ are antisymmetric with respect to reflection through the molecular plane of the D ϱh or C ϱ point group, while the one defined in Eq. ͑17͒ is symmetric and is distinguished by the label . The above set of diabatic electronic basis functions is defined in the absence of interelectronic interactions.
The time-reversal operator T has the following effects on the six diabatic electronic basis functions:
Hence, the time-reversal symmetry operator T in the diabatic representation is given by 
͑24͒
Following the methodology of Refs. 1, 3, and 26, a 6 ϫ 6 spin-vibronic Hamiltonian matrix can be derived in the six-dimensional spin-orbital electronic Hilbert space of the diabatic electronic basis functions defined in Eqs. ͑14͒-͑19͒. The matrix elements of Ĥ el are expanded in a Taylor series in the bending amplitude , keeping expansion terms up to fourth order in . Angular momentum conservation and timereversal symmetry determine the nonvanishing matrix elements. A further simplification is achieved by the explicit calculation of the individual coefficients, performing the integration over the angular variables 1 and 2 as well as over the discrete spin variables ͑see, e.g., Ref. 3͒. More details are given in Appendix A. The result of this derivation is
where 1 represents the 6 ϫ 6 unit matrix and denotes the quartic anharmonic-oscillator parameter. 
The effects of the zeroth-, first-, second-, third-, and fourthorder vibronic coupling parameters on the topography of the potential energy surfaces will be discussed below. The definitions of the SO-induced, Renner-Teller, and
interstate vibronic coupling parameters are summarized in Table I . Note that most of the SO-induced coupling parameters would be absent if a phenomenological expression of the SO coupling operator 36, 37 were used instead. Equation ͑25͒ reveals, in particular, that the Breit-Pauli SO operator is not diagonal in the diabatic electronic basis.
Among all vibronic coupling matrix elements, the parameter g is the only one which has an effect on the potential energy surfaces at the linear geometry. Specifically, it couples the 3 ⌺ − state with the 1 ⌺ + state. As a result of this coupling, the spin degeneracy of the 3 ⌺ − state is lifted ͑see Sec. III B for details͒. It has previously been shown that nonzero SO matrix elements exist between ⌺ states with different multiplicities ͑⌬S =1͒ when these behave differently under the operation. 30 The SO coupling does not lift the degeneracy of the 1 ⌬ state at = 0 in conformity with group theoretical considerations. The SO-coupled electronic Hamiltonian matrix of Eq. ͑25͒ can be diagonalized for = 0 by a TABLE I. The electrostatic ͑a and c͒ and SO-induced ͑g, d, dЈ, and b͒ vibronic coupling coefficients of the bending vibrational mode that parametrize the model electronic Hamiltonian, defined in the diabatic electronic basis set, and their relationships to the terms of the Taylor series expansion of the potential.
Symbol
Description Definition a Quartic Renner-Teller coupling coefficient 1
constant ͑-and -independent͒ unitary transformation. The vibronic matrix presumably cannot be transformed to a block-diagonal form for 0.
B. Vibronic basis set and vibronic eigenfunctions
The basis set used for the variational calculation of vibronic energy levels corresponds to direct products of electronic and vibrational wave functions ͑spin-vibronic basis set͒ and is represented by ͉⌳,⌺,n,l͘ = ͉⌳,⌺͉͘n,l͘, ͑26͒
with electronic quantum numbers ⌳ =0, Ϯ2, ⌺ =0, Ϯ1, and vibrational quantum numbers n =0,1,2,..., l = n, n −2,..., −n +2, −n. The electronic wave functions ͉⌳ , ⌺͘ refer to the spin-orbital diabatic electronic basis set defined in Eqs. ͑14͒-͑19͒, while the ͉n , l͘ are the eigenfunctions of the twodimensional isotropic harmonic oscillator. 38 Since ͓Ĥ , Ĵ z Ј͔ = 0, the vibronic eigenfunctions can be classified by the spin-vibronic quantum number ,
͑27͒
The spin-vibronic basis set of Eq. ͑26͒ is constructed by first specifying the electronic angular momentum quantum numbers ⍀ and then selecting suitable values of l of the ͉n , l͘ vibrational wave functions for a given value of .
The spin-vibronic eigenfunctions with total angular momentum quantum number , , satisfy the Schrödinger equation
for Ĥ of Eq. ͑1͒. They are expressed as linear combinations of the basis functions ͑26͒ for a given quantum number . A second quantum number n is used to label the eigenvalues ͑ordered by increasing energy͒ for a given . We, thus, denote eigenkets as ͉ , n ͘. Based on the above, the spin-vibronic eigenfunctions ͉ , n ͘ may be written as
where the index k of the expansion coefficients C k n represents all symmetry-allowed combinations of the basis-set quantum numbers ⌳, ⌺, n, and l. To simplify the notation, we shall hereafter drop the Ϯ signs of the quantum numbers.
Equation ͑26͒ defines a complete basis set. The basis set must be truncated to some manageable size for the numerical diagonalization of the Hamiltonian matrix. The calculated eigenvalues are tested for convergence by systematically increasing the number of vibrational basis functions until additional basis functions have a negligible effect on the eigenvalues. The final matrices used were of the order of 10 3 . The nonvanishing matrix elements of the spin-vibronic Hamiltonian are given in Appendix B.
III. RESULTS AND DISCUSSION
The concept of the electronic adiabatic potential energy surface ͑PES͒ is well-defined when the Born-Oppenheimer approximation is valid, particularly if SO coupling is not relevant for the problem. The Renner-Teller effect is an exemplary case of a breakdown of the Born-Oppenheimer approximation. However, it is still useful to use the concept of the adiabatic PESs for Renner-Teller active molecules in the presence of SO coupling. In the following, the topographies of two types of adiabatic PESs will be described. The first type refers to the eigenvalues of Ĥ es ͑Sec. III A͒, while the second corresponds to the eigenvalues of Ĥ es + Ĥ SO ͑Secs. III B and III C͒. The PESs are obtained as parametric functions of the nuclear positions by numerical diagonalization of the 6 ϫ 6 Hamiltonian matrix ͑we did not succeed in obtaining analytical expressions for the eigenvalues even with the aid of symbolic-mathematical tools͒.
We also investigate the effects of SO-induced vibronic coupling interactions ͑Sec. Fig. 1 . The figure displays cross sections of the PESs ͑for any azimuthal angle ͒ along the dimensionless bending normal coordinate for a system with the parameters E 1 = E 2 =5 and / = 0.2 in the limit of vanishing SO coupling interactions. The parameters were expressly chosen to highlight the effect of the involved coupling mechanisms on the adiabatic PESs; that is, comparatively large values of the coupling parameters were chosen. Note that the ordinate scale of these diagrams is in units of and that the energy of the 3 geometry, respectively. ͑Note that an in-plane y axis is assumed in this work.͒ As the Renner-Teller effect becomes stronger, the interaction between the two 1 ⌬ electronic components increases; the splitting between them becomes more pronounced and starts at smaller displacements from the reference geometry ͑not shown͒. Note the crossing between the 1 ⌬ Renner-Teller-split potential energy functions with the 3 ⌺ − and 1 ⌺ + functions at Ϸ Ϯ 4.5 in Fig. 1͑a͒ . The RennerTeller splitting of the electronically degenerate 1 ⌬ PESs, being a fourth-order effect, is expected to take place at larger displacements from the linear geometry than for ⌸-type Renner-Teller-split PESs. The slice across the lowest sheet of the 1 ⌬ PESs exhibits a double-well topography if the parameter a / exceeds a certain critical value. Figure 1͑b͒ exhibits Figure 2 is constructed based on the same general principles which have been applied for Fig. 1 , but now the pure SO-induced vibronic coupling effects are considered. Specifically, the diagrams ͑a͒-͑d͒ of Fig. 2 examine the effects of the zeroth-order ͑g / =6͒, first-order ͑d / =2͒, ͑dЈ / =2͒, and third-order ͑b / = 0.1͒ SO-induced vibronic coupling interactions on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + PESs, respectively ͑the parameter values are given in the caption͒. The parameter values were chosen with the express purpose of illustrating and enhancing the SO-induced vibronic coupling effects.
B. Hamiltonian with SO coupling, excluding electrostatic vibronic coupling
Potential energy surfaces
Let us first examine the implications of the zeroth-order 3 ⌺ 0 − − 1 ⌺ 0 + SO vibronic coupling parameter g for these PESs. If we assume a linear geometry ͑ =0͒, then the 6 ϫ 6 electronic Hamiltonian matrix of Eq. ͑25͒ decouples into a diagonal matrix and a 2 ϫ 2 submatrix which is responsible for the mixing of the 3 eracy upon displacement from the linear geometry ͓see Fig.  2͑c͔͒ . The 1 ⌬ potential remains unaltered. The 3 ⌺ Ϯ1 − PES exhibits similar topographical characteristics in Figs. 2͑c͒ and 2͑b͒ since the parameter values of dЈ / and d / are the same in both cases. Of fundamental importance for kinetics and spectroscopic studies is the accurate determination of the barrier to linearity of the lowest PES which is defined as the energy difference between the bent equilibrium geometry and the "transition-state" linear geometry.
While the effect of the cubic SO-induced vibronic coupling parameter b on the 3 ⌺ − and 1 ⌬ PESs is less important than that of the zeroth-order and first-order contributions, it introduces interesting changes to the topographies of these PESs. This parameter represents third-order vibronic coupling between 3 
Spin-vibronic energy levels
Central to this work is the impact that the linear SOinduced vibronic coupling parameters d and dЈ have on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + spin-vibronic energy levels. Figures 3͑A͒  and 3͑B͒ show the energy-level diagrams of the spinvibronic energy levels with calculated energies lower than 5. The molecular parameters d / in ͑A͒ and dЈ / in ͑B͒ vary between 0 and 0.5. The energy levels were computed assuming E 1 = 1.5, E 2 = 1.8, and / = 0. The ordinate scales of the diagrams of ͑A͒ and ͑B͒ are in units of , while their abscissae refer to the dimensionless parameters d / and dЈ / , respectively. The solid, long-dashed, dash-dotted, dotted and medium-dashed lines correspond to energy levels with = 0, 1, 2, 3, and 4, respectively. The symmetry labels of the states were determined in the same way as in Ref. 36 . Note the correlation of the spin-vibronic energy levels with the harmonic-oscillator vibronic energy levels, as well as the electronic states from which the latter levels arise in panels ͑A͒ and ͑B͒ of Fig. 3 .
As the linear SO-induced vibronic interaction parameter d involves coupling between the electronic states 3 ⌺ − and 1 ⌬, we expect energy-level perturbations to take place among their energy levels satisfying ⌬ = 1. The degeneracy of the lowest two =0, 1 ͑ 3 ⌺ − , =0͒ spin-vibronic energy levels in ͑A͒ is lifted since the latter one interacts with the =1 ͑ 1 ⌬ , =1͒ energy level. The former energy level remains unperturbed as there is no ͑ 1 ⌬ , =1͒ energy level with = 0 to interact with. Similarly, the =2 ͑ 1 ⌬ , =0͒ energy level interacts with the =2 ͑ 3 ⌺ − , =1͒ energy level. ͓Note that this 1 ⌬ level can cross with the =1,3 3 ⌺ − levels as shown in Fig. 3͑A͔͒ . The ͑ 1 ⌬ , =1͒ energy levels with =3,1 interact with the same-quantum-number ͑ 3 ⌺ − , =2͒ levels. Finally, the = 4, 2, and 0 ͑ 1 ⌬ , =2͒ energy levels interact with the = 4, 2, and 0 ͑ 3 ⌺ − , = 3, 3, and 1, 3͒ levels, respectively. The same principles apply in Fig. 3͑B͒ , where Fig. 3͑B͒ is that only one of the two degenerate =0 3 ⌺ − ͑shown for = 1 and 3͒ energy-level components may interact with suitable 1 ⌺ + energy levels due to the dЈ spin-vibronic coupling. Figure 4 illustrates the effects of third-order ͑parameter b͒ SO vibronic coupling on the 3 ⌺ − , 1 ⌬, and 1 ⌺ + spinvibronic energy levels. This figure was constructed based on the same principles as applied for Figs. 3͑A͒ and 3͑B͒. All spin-vibronic energy levels with calculated energies lower than 5 are retained in the diagram. The parameter b / varies in the range of ͑0,0.10͒. Figure 4 displays interesting higher-order spin-vibronic coupling effects. The increase of the parameter b / causes degenerate groups of energy levels to fully resolve into their individual components. What is unique here is the early onset of extensive interstate energylevel interactions. For example, the lowest =2 ͑ 1 ⌬ , =0͒ energy level interacts with the =2 ͑ 3 ⌺ − , =1,3͒ energy levels, and the variation of their energies reflects the counterbalance of these interactions.
The interaction pattern of the spin-vibronic energy levels is relatively trivial when the g parameter is varied. An important observation is that the energy-level perturbations become relevant already for small values of g / . Since g is of zeroth order in ͑that is, purely electronic͒, it can become significantly larger than the bending vibrational frequency in molecules with heavy atoms. as the stationary points of bent-geometry energy minima as well as linear-geometry local minima or local maxima. Once the linear SO coupling interaction ͑parameter d͒ is included in Fig. 5͑b͒ , a number of interesting effects become visible. What distinguishes Fig. 5͑b͒ from Fig. 5͑a͒ is that in the former figure, the twofold degeneracies of the 3 
The purpose of Fig. 6 is to illustrate, through the results of numerical computations for a model system, how the combined effects of the SO-induced vibronic coupling terms of the vibronic Hamiltonian translate into energy-level interactions and patterns for the 3 ⌺ − and 1 ⌬ electronic states. The spin-vibronic energy levels were computed for E 1 = 1.5, E 2 = 1.6, and / = 0. Only those spin-vibronic energy levels that are associated with the = 0 and 1 harmonicoscillator energy levels are included in this figure. The spinvibronic energy levels have been organized in two distinct groups, each one of which is linked to the 3 ⌺ − and 1 ⌬ electronic states. These two groups of energy levels are differentiated by distinct indentations of their corresponding =0 and 1 harmonic-oscillator labels. The far left-hand column presents the results of energy-level calculations for the unperturbed harmonic-oscillator case ͓column ͑a͔͒. The energy levels contained in columns ͑b͒-͑d͒ were calculated in the presence of pure SO coupling, representing the incremental addition of the g ͑g / = 2.0͒, dЈ and d ͑dЈ / = d / = 0.6͒, and b ͑b / = 0.04͒ SO coupling parameters, respectively.
The parameter g lifts the threefold degeneracy of the The solid, long-dashed, dash-dotted, dotted, and medium-dashed lines represent energy levels with = 0, 1, 2, 3, and 4, respectively. The energy levels were calculated assuming E 1 = 1.5, E 2 = 1.8, and / =0.
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IV. CONCLUSIONS
The combined effects of Renner-Teller, 1 ⌺ + − 1 ⌬, as well as SO-induced vibronic coupling interactions on the PESs of the 3 ⌺ − , 1 ⌬, and 1 ⌺ + states arising from a half-filled orbital of a linear triatomic molecule have been described, employing the microscopic ͑Breit-Pauli͒ expression of the SO operator. The microscopic theory involves six SO-coupled electronic wave functions with spin-orbital angular momentum projections ⍀ = Ϯ 2, Ϯ1, 0 Ϯ . The spin-vibronic Hamiltonian matrix has been constructed in the diabatic representation, considering terms up to fourth order in the bending displacement. The symmetry properties of the SO-induced as well as electrostatic vibronic coupling effects have been described in detail. We have provided the first systematic and complete analysis of the SO vibronic coupling effects in the manifold of electronic states which arise from a half-filled orbital in a quasilinear molecule. The Taylor expansion of the vibronic matrix and the numerical calculation of the vibronic energy levels can straightforwardly be extended to higher orders if this should be necessary. The present analysis provides the foundation for a comprehensive analysis and computational prediction of the vibronic spectra of CH 2 as well as of heavier linear triatomic halogenated carbenes of the R 1 CR 2 type, which are subject to increasing SO interactions, such as CHX with X = F, Cl, Br, I, their deuterated analogs, CX 2 , or various molecular species such as SiH 2 , GeH 2 , etc.
ACKNOWLEDGMENTS
The authors thankfully acknowledge financial support by the Deutsche Forschungsgemeinschaft via a research grant as well as a visitor grant for L. V. P. This work has also been supported by the Fonds der Chemischen Industrie. We include only the lowest-order nonvanishing contribution for each matrix element and ignore SO corrections to matrix elements of the electrostatic Hamiltonian. It can be shown by explicit calculation of matrix elements with the basis functions ͑14͒-͑19͒ that the coupling parameters  a , b , c , d The higher-order terms can analogously be written as
The operators L k , Q k , and R k , k =1,2, are differential operators in electronic coordinate space and can be obtained from the K k by somewhat lengthy calculations. It is obvious that the parameter k in Eq. ͑A5͒ vanishes by spin integration, since the basis functions differ in two spin orbitals, while Ĥ SO is a single-particle operator in spin space. It is straightforward to show that the matrix element 
